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a b s t r a c t

The influence of the multiplication order of the constituent basis matrices on the Mueller matrix decom-
position-derived polarization parameters in complex tissue-like turbid media exhibiting simultaneous
scattering and polarization effects are investigated. A polarization sensitive Monte Carlo (MC) simulation
model was used to generate Mueller matrices from turbid media exhibiting simultaneous linear birefrin-
gence, optical activity and multiple scattering effects. Mueller matrix decomposition was performed with
different selected multiplication orders of the constituent basis matrices, which were further analyzed to
derive quantitative individual polarization medium properties. The results show that for turbid medium
having weak diattenuation (differential attenuation of two orthogonal polarization states), the decompo-
sition-derived polarization parameters are independent of the multiplication order. Importantly, the val-
ues for the extracted polarization parameters were found to be in excellent agreement with the
controlled inputs, showing self-consistency in inverse decomposition analysis and successful decoupling
of the individual polarization effects. These results were corroborated further by selected experimental
results from phantoms having optical (scattering and polarization) properties similar to those used in
the MC model. Results from tissue polarimetry confirm that the magnitude of diattenuation is generally
lower compared to other polarization effects, so that the demonstrated self-consistency of the decompo-
sition formalism with respect to the potential ambiguity of ordering of the constituent matrices should
hold in biological applications.

� 2009 Elsevier B.V. All rights reserved.

1. Introduction

Studies of polarization properties of scattered light from turbid
media like biological tissues have received considerable attention
because of their potential applications in diagnostic photomedicine
[1,2]. The polarization parameters of light scattered from tissue
contain rich morphological and functional information of potential
biomedical importance. Despite the wealth of interesting proper-
ties that can be probed with polarized light, in optically thick
turbid media such as tissues, numerous complexities due to multi-
ple scattering and simultaneous occurrences of many polarization
effects present formidable challenges. These include accurate
measurement difficulties and extraction/unique interpretation of
the constituent polarization parameters.

The Mueller matrix (transfer function of an optical system in its
interactions with polarized light) contains complete information

about all the polarization properties of a medium [3,4]. However,
when many optical polarization effects occur simultaneously (as
is the case for tissue where the most common polarimetry events
are depolarization, linear birefringence and optical activity [2]),
the resulting matrix elements reflect several ‘lumped’ effects, thus
hindering extraction and unique interpretation of the constituent
polarization parameters. A method to account for the effects of
multiple scattering, and to decouple the individual contributions
of simultaneously occurring polarization effects, is thus needed.
Each of these, if separately extracted, holds promise as a useful
biological metric. For example, chirality-induced optical rotation
can be linked to the glucose concentration in the medium [5–8];
changes in tissue mechanical anisotropy (resulting from disease
progression or treatment response) can be probed by linear bire-
fringence (or retardance) measurements [9,10]. The individual con-
stituent polarization properties can be extracted from the ‘lumped’
system Mueller matrix by performing polar decomposition of
Mueller matrix. This decomposition methodology was first
developed by Lu and Chipman [11]. Briefly, this approach consists
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of representing a Mueller matrix M, obtained from an unknown
system, as the product of three constituent ‘basis’ matrices,
namely, a diattenuator followed by a retarder and a depolarizer.
The validity of this decomposition procedure was demonstrated
in optically clear media by Lu and Chipman. We have recently ex-
tended their analysis to encompass complex tissue-like turbid
media, exhibiting simultaneous polarization effects in presence of
multiple scattering [12,13]. Once calculated, the constituent matri-
ces are further analyzed to derive individual polarization medium
properties, namely, linear retardance (d, and its orientation angle
h), optical rotation (w), diattenuation (d) and depolarization coeffi-
cient (D) [11,12]. Initial biomedical applications of this approach
have also yielded very promising results [14,15].

However, an interesting problem that requires special care is
that the multiplication order of the constituent basis matrices
(depolarization, retardance and diattenuation) is ambiguous (due
to the non-commuting nature of matrix multiplication), so that
six different decompositions (order of multiplication) are possible
[16]. It has been shown that the six different decompositions can
be grouped in two families, depending upon the location of the
depolarizer and the diattenuator matrices. Among the six decom-
positions, algorithms for two specific multiplication orders (one
from each family) have been developed [17]. The other possible
decompositions can be obtained using similarity transformations,
for each of the two individual families [17]. The validity of these
decompositions has been demonstrated in optical media where
the polarization events are exhibited one after the other, as sequen-
tial multiplication implies [11,18]. However, in a complex random
medium like biological tissue, no unique order can be assigned to
these effects (optical activity due to chiral molecules, linear bire-
fringence due to anisotropic tissue structures, and depolarization
due to multiple scattering); rather, these are exhibited simulta-
neously. Thus it is necessary to investigate the influence of the
multiplication order of the basis matrices on Mueller matrix
decomposition from such complex system. More importantly, it
is essential to know how the decomposition-derived polarization
parameters are influenced by the selected multiplication order
and whether the values of the derived parameters represent the
true medium properties. We have therefore investigated these is-
sues by decomposing Mueller matrices (whose constituent proper-
ties are controlled and are thus known a priori) generated with a
polarization sensitive Monte Carlo simulation model (capable of
simulating simultaneous scattering and polarization effects) [19]
and also experimental Mueller matrices. The results of these inves-
tigations are reported in this paper.

The organization of this paper is as follows. The forward polar-
ization sensitive Monte Carlo (MC) model and the inverse process
for polar decomposition of the resulting Mueller matrices are de-
scribed in Section 2. Section 3 briefly describes our experimental
turbid-polarimetry system. The decomposition results of the MC-
generated Mueller matrices from complex tissue-like turbid media
(both in the forward and the backward detection geometry) and
selected experimental results from biological tissues, are presented
in Section 4. The paper concludes with a discussion on the biomed-
ical utility of this promising Mueller matrix decomposition ap-
proach for quantitative tissue assessment.

2. Theory

2.1. Forward modeling of simultaneous occurrence of several
polarization effects in turbid media using the Monte Carlo approach

Polarization sensitive Monte Carlo simulation model, developed
and validated in our group [19,20], was used to generate the Muel-
ler matrices of scattered light exiting the medium in both the for-

ward and the backward direction. Similar to conventional
intensity-based Monte Carlo models for light propagation in a mul-
tiply scattering medium [21,22], the photons are propagated be-
tween scattering events, as determined by pseudo random
sampling of scattering mean free path. The photon propagates in
the sample between scattering events a distance l sampled from
the probability distribution exp(�ltl). Here, the extinction coeffi-
cient lt is the sum of the absorption la and scattering ls coefficients
and l is the distance traveled by the photon between scattering
events [22]. When the photon encounters a scattering event, a scat-
tering plane and angle are statistically sampled based on the polar-
ization state of the photon and the Mueller matrix of the scatterer.
The photon’s reference frame is first expressed in the scattering
plane and then transformed to the laboratory (experimentally ob-
servable) frame through multiplication by a Mueller matrix calcu-
lated through Mie scattering theory [23]. The polarization
information (in the form of Stokes vectors) is tracked for each pho-
ton packet. The scattering histories of a large number of such pack-
ets are tracked as they propagate through the medium and are
summed to yield the macroscopic polarization parameters of inter-
est (Stokes vectors, Mueller matrices, pathlength distributions,
polarization statistics from different scattering histories, etc.).

Our Monte Carlo model has been extended to simulate the
simultaneous effects of linear birefringence and optical activity in
the presence of multiple scattering [19]. Note that this is not an
obvious modeling step. Since matrix multiplication of the Mueller
matrices are not commutative, different orders in which these ef-
fects are applied to the photon between scattering events will have
different effects on the polarization. This was therefore accom-
plished by combining the effects into a single matrix describing
them simultaneously, through the use of Jones N-matrix formalism
[19,24]. Here, the matrix of the sample is represented as an expo-
nential sum of differential matrices, known as N-matrices. Each
matrix in this sum corresponds to a single optical property (e.g.,
linear birefringence or optical activity). These N-matrices are then
used to express the matrix for the combined effect. Since matrix
addition (unlike multiplication) is order independent, the ordering
ambiguity is no longer an issue. The resulting matrix is applied to
the photon between scattering events to model the simultaneous
occurrence of linear birefringence and optical activity in a scatter-
ing medium. The model’s testing and experimental validations
have been reported previously [19].

Simulations were run for a set of input optical parameters of the
scattering medium (ls and la) exhibiting simultaneous linear and
circular birefringence effects. Mie theory was used to compute the
single scattering matrix for known diameter (D) and refractive in-
dex of scatterer (ns) and refractive index of the surrounding med-
ium (nm). The wavelength of light (k) was chosen to be
k = 632.8 nm. In the simulations, circular and linear birefringence
were modeled through the optical activity v in degrees per centi-
metre, and through the anisotropy in refractive indices (Dn),
respectively. Here, Dn(=ne � no) is the difference in refractive index
along the extraordinary axis (ne) and the ordinary axis (no). For
simplicity, it was assumed that the medium is uni-axial and that
the direction of the extraordinary axis and the value for Dn is con-
stant throughout the scattering medium. In each simulation, (es)
and (no) were taken as input parameters and a specific direction
of the extraordinary axis was chosen. As photons propagate be-
tween scattering events, the difference in refractive indices experi-
enced by them depends on their propagation direction with
respect to the extraordinary axis. The effect was modeled using
standard formulae describing the angular variation of refractive in-
dex in uni-axial medium.

The Mueller matrices were generated for a 1-cm-thick slab of
scattering medium having varying optical properties (ls,Dn and
v), for light exiting the medium through the forward or the back-
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ward direction. The absorption was selected to be small
(la = 0.001 cm�1) for all simulations. The photon collection geom-
etry was chosen to have a detection area of 1 mm2 and an accep-
tance angle of 20� (these parameters mimic our experimental
turbid-polarimetry system [7,11,19]).

2.2. Polar decomposition of Mueller matrix

Having described the Monte Carlo approach to accurately for-
ward model simultaneous polarization effects in the presence of
multiple scattering, we now turn to the complicated inverse prob-
lem of separating out the constituent contributions from simulta-
neous polarization effects. That is, given a particular Mueller
matrix obtained from an unknown complex system, can it be ana-
lyzed to extract constituent polarization contributions? Here, we
shall discuss an extended Mueller matrix decomposition method-
ology that enables the extraction of the individual intrinsic polar-
imetry characteristics from the ‘lumped’ system Mueller matrix
[11,12].

Polar decomposition method consists of decomposing a given
Mueller matrix M into the product of three ‘basis’ matrices [11,12],

M(MD �MR �MD ð1Þ

with � symbol used throughout the manuscript to signify the
decomposition process. Here, a depolarizer matrix MD accounts
for the depolarizing effects of the medium, a retarder matrix MR de-
scribes the effects of linear birefringence and optical activity, and a
diattenuator matrix MD includes the effects of linear and circular
diattenuation. The validity of such a decomposition was first dem-
onstrated by Lu and Chipman in optically clear media [11]. We have
recently extended and validated this approach for the analysis of
complex random media [12,13].

As mentioned previously in the context of forward MC model-
ing, an important problem is that the multiplication order in Eq.
(1) is ambiguous (due to the non-commuting nature of matrix mul-
tiplication, MAMB – MBMA), so that six different decompositions
(orders of multiplication) are possible. The six different decompo-
sitions can be grouped in two families, depending upon the loca-
tion of the depolarizer and the diattenuator matrices [11,16]. The
three decompositions with the depolarizer set after the diattenua-
tor form the first family (of which Eq. (1) is a particular sequence).
On the other hand, the three decompositions with the depolarizer
set before the diattenuator constitute the other family

(MΔ D family)     (M DΔ family) 

M ΔΔ M R M D   (2.1)       M D M R M Δ  (2.4) 

M ⇐ M Δ M D M R   (2.2)      M ⇐ M R M D M Δ (2.5) 

         M R M Δ M D    (2.3)       M D M Δ M R   (2.6) 

ð2Þ

Among the six decompositions, algorithms for obtaining the basis
matrices in Eq. (2.1) or for its reverse order (Eq. (2.4)), have been
developed [17]. The other decompositions can be obtained using
similarity transformations, for each of the two individual families
[17]. We therefore remove these from further considerations and
concentrate on decompositions using the orders of Eqs. (2.1) and
(2.4).

Although the process for decomposition using the order of Eqs.
(2.1) and (2.4) are qualitatively similar, there do exist important
differences in the construction of the basis matrices and the de-
rived polarization parameters. Specifically, the forms of the diat-
tenuation (MD) and the depolarization (MD) matrices are
different. For the decomposition using the order of Eq. (2.1), MD

is constructed directly from the diattenuation vector ~D of the med-
ium Mueller matrix M (1st row vector of M) as [11]

Mð1Þ
D ¼

1 ~DT

~D mD

" #
ð3Þ

where the 3 � 3 sub-matrix mD has the form defined in Ref. [11]. ~D
is defined as

~D ¼ 1
Mð1;1Þ ½Mð1;2ÞMð1;3ÞMð1;4Þ�

T ð4Þ

In contrast, for the decomposition using the order of Eq. (2.4), MD is
constructed from the polarizance vector ~P of the medium Mueller
matrix M (1st column vector of M) as [17]

Mð4Þ
D ¼ 1 ~PT

~P mP

" #
ð5Þ

Here, ~P is defined as

~P ¼ 1
Mð1;1Þ ½Mð2;1ÞMð3;1ÞMð4;1Þ�

T ð6Þ

These differences in MD thus lead to a difference in the magnitude
of diattenuation, derived via decomposition using the order of Eq.
(2.1) or Eq. (2.4). In the former case, magnitude of diattenuation
is extracted from the elements of first row of the medium Mueller
matrix M; in the latter, it is calculated from the elements of first
column.

Similarly, the forms of the depolarization matrices for decom-
position using the orders of Eqs. (2.1) and (2.4) are [11,12,17]

Mð1Þ
D ¼

1 ~0T

PD mD

" #
ð7Þ

and

Mð4Þ
D ¼

1 ~DT
D

~0 mD

" #
ð8Þ

where the mD is the 3 � 3 depolarization sub-matrix [11,13,17]. PD

and DD are defined as

PD ¼
~P �m~D

1� D2 ; DD ¼
~D�m~P

1� P2 ð9Þ

Once decomposed (using the order of either Eq. (2.1) or Eq.
(2.4)), these constituent matrices are further analyzed to derive
individual polarization medium properties. Specifically, diattenua-
tion (d, differential attenuation of orthogonal polarizations for lin-
ear and for circular polarization states), depolarization coefficients
(D, linear and circular), linear retardance (d, difference in phase be-
tween two orthogonal linear polarizations), and circular retardance
or optical rotation (w, difference in phase between right and left
circularly polarized light), can be determined from the decom-
posed basis matrices.

The magnitude of diattenuation (d) can be determined as
[11,12]

d ¼ 1
MDð1;1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MDð1;2Þ2 þMDð1;3Þ2 þMDð1;4Þ2

q
ð10Þ

Here, the coefficients MD(1,2) and MD(1,3) represent linear diatten-
uation for horizontal (vertical) and +45� (�45�) linear polarization
respectively, and the coefficient MD(1,4) represents circular
diattenuation.

Next, depolarization is quantified through the depolarization
matrix MD as the net depolarization coefficient D and linear
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retardance d and optical rotation ware calculated from the various
elements of the retarder matrix MR [12]. Specifically,

D ¼ 1� jtrðMDÞ � 1j
3

ð11Þ

d ¼ cos�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMRð2;2Þ þMRð3;3ÞÞ2 þ ðMRð3;2Þ �MRð2;3ÞÞ2

q
� 1

� �
ð12Þ

w ¼ tan�1 MRð3;2Þ �MRð2;3Þ
MRð2;2Þ þMRð3;3Þ

� �
ð13Þ

In the present study, we have used both Eqs. (2.1) and (2.4) to
decompose M and have investigated the influence of their respec-
tive multiplication order of the resulting constituent basis matrices
on the derived polarization parameters (d, D, d and w) from turbid
media exhibiting simultaneous polarization effects.

3. Experimental method

The experimental Mueller matrices were recorded from dermal
tissue of an athymic nude mouse (NCRNU-M, Taconic). The Mueller
matrix was recorded in vivo from a dorsal skinfold window cham-
ber mouse model, using a high sensitivity turbid-polarimetry sys-
tem. The details of the measurement polarimeter and the window
chamber model are provided in Refs. [7,12,19,15] respectively.

Briefly, our turbid-polarimetry system employs polarization
modulation using a photoelastic modulator (Hinds Instruments
IS-90) and synchronous lock-in detection (Stanford Research Sys-
tems, SR830), allowing sensitive low-noise measurements of the
Stokes vector of the light interacting with a turbid sample [7] in
various geometries. By cycling the polarization of the incident
beam (HeNe laser, 15 mW, k = 632.8 nm) using a linear polarizer
and quarter wave-plate combination, and measuring the output
Stokes vectors, the Mueller matrix of the sample can be con-
structed [12].

In the window chamber model, the skin layer of the mouse was
removed from a 10 mm diameter region on the dorsal surface, and
a titanium saddle was sutured in place to hold the skin flap verti-
cally [15]. A protective glass coverslip (145 ± 15 lm thick) was
placed over the exposed tissue plane. This allowed for direct
in vivo optical transmission measurements of polarized light
through the �500 lm thick tissue layer. Mueller matrices were re-
corded from the tissue in the forward detection (transmission)
geometry (detection area of 1 mm2 and an acceptance angle
�20� around the direction of the ballistic beam).

4. Results and discussion

4.1. Sequential occurrence of polarization effects

We begin our investigation on simpler system, where the polar-
ization events (depolarization, retardance and diattenuation) are
exhibited one after the other as sequential multiplication implies.
We shall construct Mueller matrix of such media for known intrin-
sic polarization properties and decompose them with multiplica-
tion order of the constituent basis matrices opposite (reverse
order decomposition) to that used for constructing the original
Mueller matrix. The idea is to identify the sources of error in such
reverse order decomposition process, and to understand the influ-
ence of the individual medium polarization properties on the
resulting error (clearly, decomposition in the same order as was
used to construct the original matrix yields a trivial self-consistent
result). We multiply depolarization, retardance (combined effect of
both linear and circular retardance) and diattenuation matrices, to

generate the system M what will be subject to decomposition anal-
ysis. The chosen constituent matrices are

MD ¼

1 0 0 0
0 0:8 0 0
0 0 0:7 0
0 0 0 0:6

2
6664

3
7775;

MR ¼

1 0 0 0
0 0:8148 0:1619 �0:5567
0 0:3187 0:6770 0:6634
0 0:4843 �0:7180 0:5000

2
6664

3
7775; ð14Þ

M1
D ¼

1 0:1 0 0
0:1 1 0 0
0 0 0:99 0
0 0 0 0:99

2
6664

3
7775; M2

D ¼

1 0:8 0 0
0:8 1 0 0
0 0 0:6 0
0 0 0 0:6

2
6664

3
7775

Here, the retardance matrix was constructed [3,11] with input lin-
ear retardance value of d = 1.04 rad (orientation angle of retarder
axis h = 20� and optical rotation value of w = 3�. Two different diat-
tenuation matrices were used [3], one with low magnitude of diat-
tenuation (M1

D, magnitude of diattenuation d = 0.1) and the other
with high magnitude of diattenuation (M2

D, magnitude of diattenu-
ation d = 0.8). In both cases, the axis of diattenuation was along the
horizontal direction. We shall consider two cases, (i) Mueller matrix
constructed with weak diattenuation ðM ¼MDMRM1

DÞ, (ii) Mueller
matrix constructed with strong diattenuation ðM ¼MDMRM2

DÞ.
Table 1 shows the medium Mueller matrix for combination of a

weak diattenuator (d = 0.1), followed by a retarder and a depolar-
izer ðM ¼MDMRM1

DÞ and the corresponding decomposed basis
matrices, using the reverse order (M � MDMRMD) decomposition
process. Eqs. (10)–(13) were applied to the decomposed basis
matrices to retrieve the individual polarization parameters (d, D,
d and w). The determined values for these are also listed in Table
1. The determined values for the parameters D, d and w, shows
excellent agreement with the controlled inputs (the derived basis
matrices are also in excellent agreement with the corresponding
input constituent matrices). Marginal error is observed in the value
for diattenuation d.

Note that the reverse order decomposition results in small but
non-zero values for the off-diagonal elements of the decomposi-
tion-derived depolarization matrix MD (thus differing from the in-
put depolarization matrix used to construct the medium Mueller
matrix). We have observed that diagonalized representation of
the inner 3 � 3 depolarization sub-matrix (mD of Eqs. (7) and (8))
corrects for these elemental errors in the derived depolarization
matrix M=

D. In Table 1, we have therefore shown both forms of
the depolarization matrices. Henceforth, for all the decomposition
results presented in this paper, we shall present the diagonalized
form representation of the depolarization matrix. Results of
decomposition on Mueller matrices having other varying intrinsic
medium polarization parameters confirmed that for medium hav-
ing weak diattenuation effects (magnitude of diattenuation
d 6 0.1), the decomposition-derived polarization parameters are
not significantly influenced by the choice of the multiplication or-
der of the basis matrices in the decomposition process.

The basic reason why for low enough diattenuation, the decom-
position-derived polarization parameters are � independent of the
multiplication order can be understood from the following argu-
ments. In absence of diattenuation (i.e., if M = MDMR), if one uses
the similarity transformation MD ¼MRMr

DðM
�1
RÞ , the input matrix

becomes MRMr
D. This form of the input Mueller matrix is then the

same as that of the reverse order (M � MDMR) used in the decom-
position process. Indeed, the results of reverse order decomposi-
tion (M � MDMR) of Mueller matrix constructed with no
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diattenuation (M = MDMR) yielded complete agreement between
the extracted polarization parameters and the controlled inputs,
as expected.

Table 2 displays the medium Mueller matrix for combination of
a strong diattenuator (d = 0.8), followed by a retarder and a depo-
larizer (M = MDMRMD) and the corresponding decomposed basis
matrices. The Mueller matrix was again decomposed using the re-
verse order [Eq. (2.4), M � MDMRMD] decomposition process.

Comparison of the derived and the input control values for the
polarization parameters reveals, that unlike case (i), for this med-
ium with strong diattenuation, reverse order decomposition yields
significant errors in all the retrieved polarization parameters. The
largest errors were observed in the value for diattenuation d and
net depolarization coefficient D (column 3). The source of these

errors can be identified by noting that in case of decomposition
using the order of Eq. (2.4) (M � MDMRMD), the diattenuation
parameter d is extracted from the first column of the medium
Mueller matrix M. For the medium Mueller matrix constructed
using the opposite (to that used in decomposition process) order
of multiplication of the constituent matrices (i.e., with Eq. (2.1),
M = MDMRMD), while the first row remains unaffected and is the
same as that of the diattenuation matrix MD, the first column is sig-
nificantly altered due to multiplication of the other two constitu-
ent matrices (MD and MR). This results in erroneous estimation
of the diattenuation parameter and subsequently introduces errors
in the elements of the derived diattenuation matrix MD. This error
is carried forward to the derived basis matrices MD and MR, and
thus in the corresponding polarization parameters (D, d and w)

Table 2
Top: The generated Mueller matrix (M) for combination of a strong diattenuator (d = 0.2), followed by a retarder and a depolarizer ðM ¼MDMRM2

DÞ and the decomposed basis
matrices. The Mueller matrix was decomposed using the reverse order (M � MDMRMD) decomposition process. Bottom: The input control values for the polarization parameters
(2nd column).The values for the polarization parameters extracted from the decomposed matrices (3rd column).

         1        0.8000         0         0 
    0.5215    0.6518    0.0777   -0.2672 
    0.1785    0.2231    0.2843    0.2786 
    0.2325    0.2906   -0.2585    0.1800

M

         1        0         0         0 
         0    0.7868    0.1847   -0.5889 
         0    0.3257    0.6863    0.6503 
         0    0.5242   -0.7035    0.4798

MR

         1    0.5493   -0.0486    0.0744 
         0    0.3761         0           0 
         0         0          0.5054     0 
         0         0             0        0.5555 

MΔ

        1         0.5215    0.1785    0.2325 
    0.5215    0.9523    0.0517    0.0673 
    0.1785    0.0517    0.8190    0.0230 
    0.2325    0.0673    0.0230    0.8314

MD

Parameters Expected values Estimated values

d 0.80 0.60
D 0.30 0.52
w 3.0� 2.73�
dh 1.04 rad, 20� 1.07 rad. 19.6�

Table 1
Top: The generated Mueller matrix (M) for combination of a weak diattenuator (magnitude of diattenuation d = 0.1), followed by a retarder and a depolarizer ðM ¼MDMRM1

DÞ and
the decomposed basis matrices. The Mueller matrix was decomposed using the reverse order (M � MDMRMD) decomposition process. The decomposition-derived depolarization
matrix in diagonalized form ðM0

DÞ is shown separately in the 3rd row. Bottom: The input control values for the polarization parameters (2nd column). The values for the
polarization parameters extracted from the decomposed matrices (3rd column).

1.0000    0.1000         0         0 
    0.0652    0.6518    0.1289   -0.4431 
    0.0223    0.2231    0.4715    0.4621 
    0.0291    0.2906   -0.4286    0.2985

M

          0         0         0         0 
         0    0.8146    0.1621   -0.5570 
         0    0.3188    0.6771    0.6633 
         0    0.4846   -0.7178    0.4998 

MR

  1.0000  0.0443   -0.0065    0.0100 
         0    0.7396    0.0479   -0.0695 
         0    0.0479    0.6497    0.0268 
         0   -0.0695    0.0268    0.7045 

MΔ

     1.0000    0.0652    0.0223    0.0291 
    0.0652    0.9993    0.0007    0.0009 
    0.0223    0.0007    0.9974    0.0003 
    0.0291    0.0009    0.0003    0.9976 

MD

    1.0000    0.0443   -0.0065    0.0100 
         0      0.7973         0            0 
         0         0         0.5982         0 
         0         0              0       0.6983

M/
Δ

Parameters Input values Estimated values

d 0.1 0.075
D 0.30 0.302
w 3� 2.997�
d, h 1.04 rad, 20� 1.047 rad, 20.01�
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extracted from these matrices. Similar decomposition analyses
[using the orders of either Eq. (2.1) or Eq. (2.4)] were also per-
formed on medium Mueller matrices constructed using other se-
lected multiplication orders of the constituent basis matrices. In
all cases, diattenuation was identified as the major source of errors
in the extracted polarization parameters. Results of decomposition
on Mueller matrices having other varying intrinsic medium polar-
ization parameters also yielded similar results and confirmed that
for medium having strong diattenuation effects (magnitude of
diattenuation d P 0.2), reverse order decomposition results in sig-
nificant errors in all the retrieved polarization parameters.

4.2. Simultaneous occurrence of polarization effects

Having investigated the possible sources of errors in the decom-
position-derived medium polarization properties of simpler
(sequential) systems, we now turn to the more complex, tissue-like
turbid media that exhibit simultaneous polarization effects in the
presence of multiple scattering.

Table 3 shows the Monte Carlo simulation-generated Mueller
matrix and the decomposed basis matrices for a birefringent
(anisotropy in refractive index Dn = 1.36 � 10�5, that corresponds
to a value of d = 1.34 radian for a path length of 1 cm), chiral (opti-
cal activity v = 1.96� cm�1), turbid medium (scattering coefficient
ls = 30 cm�1, thickness = 1 cm) comprised of monodispersed
spherical scatterers (D = 1.40 lm, ns = 1.59, nm = 1.34, anisotropy
parameter g = 0.935). These results are for light exiting the med-
ium through the forward direction, along the ballistic beam direc-
tion. The axis of linear birefringence was kept along the vertical
direction (h = 90�) in the simulation. The constituent basis matrices
obtained via decomposition with the order of Eq. (2.1)
(M � MDMRMD) and Eq. (2.4) (M � MDMRMD) are shown in the
2nd and the 3rd rows respectively. The determined values for the
polarization parameters are also listed in the table.

The expected values for linear retardance d and optical rotation
w were calculated from the input control values for birefringence

(Dn) and optical activity (v) and were corrected for increased path-
length due to multiple scattering (the MC-generated average pho-
ton pathlength of light exiting the medium in the forward direction
was 1.30 cm) [25]. The expected value for net depolarization coef-
ficient D was obtained from the results of MC simulation of an
analogous purely depolarizing turbid medium (ls = 30 cm�1) with
no birefringence (Dn = 0) or optical activity (v = 0� cm�1).

Several interesting trends can be noted. Both the decomposi-
tions yield very small but non-zero value of d. In absence of any
intrinsic diattenuation property of the medium, the only other
source of diattenuation is the scattering-induced diattenuation
that primarily arises from singly (or weakly) scattered photons
[26]. Since multiply scattered photons are the dominant contribu-
tors to the detected signal in the forward detection geometry, the
scattering-induced diattenuation effect is also expected to be very
weak [12]; this probably accounts of the small but non-zero values
of the diattenuation. Note that in its absence (or for weak diatten-
uation), decomposition using either of the two selected multiplica-
tion orders of the basis matrices yields almost identical results.
This suggests that for media having weak diattenuation effects
(including complex turbid media that exhibit simultaneous polar-
ization effects in presence of multiple scattering), the decomposi-
tion-derived polarization parameters are � independent of the
multiplication order of the basis matrices.

The other three derived polarization parameters (D, w and d)
are also found to be in excellent agreement with the controlled in-
puts. The decomposition-derived value of D closely resembles that
for an analogous purely depolarizing turbid medium. This implies
that decomposition process successfully decouples the depolariza-
tion effects due to multiple scattering from linear retardation and
optical rotation contributions, thus yielding accurate and quantifi-
able estimates of the d and w parameters in the presence of turbid-
ity. The derived value for d (=1.41 rad) is, however, slightly lower
than one would expect for average photon path length of
1.30 cm (d = 1.74 rad). In our previous paper [12], it was shown
that this lowering of the value of d arises because the scattered

Table 3
Top: The Monte Carlo simulation-generated Mueller matrix and the decomposed basis matrices for a birefringent (anisotropy in refractive index Dn = 1.36 � 10�5, that
corresponds to a value of d = 1.34 radian for a path length of 1 cm), chiral (optical activity v = 1.96� cm�1), turbid medium (scattering coefficient ls = 30 cm�1, anisotropy
parameter g = 0.935, thickness = 1 cm), in the forward detection geometry. The constituent basis matrices obtained via decomposition with the order of Eq. (2.1) (M � MDMDMR)
and Eq. (2.4) (M � MD MRMD) are shown in the 2nd and the 3rd rows respectively. Bottom: The expected values for the polarization parameters (2nd column). The values for the
polarization parameters extracted from the decomposed matrices (3rd and 4th column).

        1          0.0025   0.0048    0.0023 
    0.0007    0.6346    0.0309   -0.0304 
   -0.0003   -0.0319    0.0496   -0.6966 
   -0.0005   -0.0296    0.7075    0.1730 

M

         1         0          0               0 
         0    0.9977    0.0505   -0.0447 
         0   -0.0520    0.1552   -0.9865 
         0   -0.0429    0.9866    0.1574

MR

          1            0         0        0 
   -0.0010    0.6360    0         0 
    0.0011         0     0.6504   0 
   -0.0042         0         0    0.7728 

MΔ

        1         0.0025    0.0048    0.0023 
    0.0025        1            0            0 
    0.0048        0            1            0 
    0.0023        0             0           1

MD

         1         0             0           0 
         0    0.9977    0.0505   -0.0447 
         0   -0.0520    0.1552   -0.9865 
         0   -0.0429    0.9866    0.1574

         1    0.0020    0.0051    0.0022 
         0    0.6360         0           0 
         0         0         0.6503 0 
         0         0             0     0.7728 

         1         0.0007   -0.0003   -0.0005 
    0.0007         1              0            0 
   -0.0003         0              1            0 
   -0.0005         0              0            1

Parameters Expected values Estimated values using the order of Eq. (2.1) Estimated values using the order of Eq. (2.4)

d 0 0.006 0.001
D 0.30 0.313 0.313
w (�) 2.57 2.54 2.54
d (rad) 1.74 1.41 1.41
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light does not travel in a straight line but rather along many possi-
ble zig-zag paths. Since a component of such curved propagation
paths is along the direction of the linear birefringence axis, this
leads to a reduction in net linear retardance d (because propagation
along the direction of the birefringence axis does not yield any
retardance).

Experimental studies on phantoms (developed using polyacryl-
amide as a base medium, with polystyrene microspheres to create
turbidity, sucrose to induce optical activity, and mechanical
stretching to cause linear birefringence [19]) having controlled
sample polarizing properties but without diattenuation (thus anal-
ogous to properties used in the MC model) also yielded similar self-
consistency in decomposition analysis (results not shown here). In
agreement with the MC results, the extracted polarization param-
eters were found to be � independent of the selected multiplica-
tion order of the basis matrices (difference in their values was in
the range 1–5%) and were in excellent agreement with the con-
trolled inputs [12].

The decomposition results presented above were for Mueller
matrices recorded from turbid medium in the forward detection
geometry, where the scattering-induced diattenuation effects are
weak [12,26]. However, in the backward detection geometry (a
geometry that may be advantageous for in situ measurements),
for off-axis detection, the scattering-induced artifacts are more cou-
pled with the intrinsic polarization parameters, partly because of
the increasing contribution of the singly or weakly backscattered
photons. Differences in amplitude and phase between the singly
(or weakly) backscattered light polarized parallel and perpendicu-
lar to the scattering plane manifest as scattering-induced diatten-
uation and linear retardance [8,13,26]. Indeed, decomposition of
Mueller matrices recorded from birefringent, chiral turbid medium
at detection positions sufficiently close to the exact backscattering
direction [off-axis detection, radial distance r < ltr, ltr is the transport
scattering length = 1/ls(1 � g)], resulted in erroneous estimation of
the intrinsic values for d and w of the medium, due to the interfer-
ence of the scattering-induced artifacts (results not shown here)
[13]. Importantly, due to presence of strong scattering-induced

diattenuation (d P 0.2), significant differences were observed in
the polarization parameters extracted via decompositions using
the two different selected multiplication orders [orders of Eqs.
(2.1) and (2.4)] of the basis matrices, none yielding satisfactory
agreement with the control inputs. Our studies have shown that
as one moves away from the exact backscattering direction, the
magnitude of scattering-induced diattenuation and retardance
gradually diminish and become weak (d 6 0.05, d 6 0.1) for detec-
tion positions located at distances larger than � a transport length
away from the point of illumination (r > ltr) [13].

In Table 4, we show the MC-generated Mueller matrix and the
decomposed basis matrices for a birefringent (Dn = 1.36 � 10�5),
chiral (v = 1.96� cm�1), turbid medium (ls = 60 cm�1, g = 0.935,
thickness = 1 cm). The results are shown for scattered light col-
lected at a spatial position 5 mm (r > ltr, ltr = 2.56 mm) away from
the point of illumination in the backscattering geometry.

As expected, the scattering-induced diattenuation effect is ob-
served to be weak, although the magnitude (d � 0.02) is slightly
higher than that observed in the forward detection geometry.
Importantly, as for the forward detection geometry, decomposition
using either of the two selected multiplication orders of the basis
matrices [Eqs. (2.1) and (2.4)] yields essentially identical values
for the retrieved polarization parameters. The derived value of D
(=0.798) was once again found to be close to that (D = 0.763) for
an analogous purely depolarizing turbid medium (same turbidity,
no birefringence nor chirality), implying successful decoupling of
depolarization effects. The values for both d and w, in the backscat-
tering geometry, are, however, significantly lower than one would
expect for the MC-generated average photon path length of
1.53 cm.

This does not originate due to any error in the decomposition
analysis. As noted in our previous study [13], contribution of the
(singly or weakly) backscattered photons accounts for the lower va-
lue of w in the backward detection geometry. For the backscattered
photons (that suffer scattering in the backward hemisphere only),
the net rotation value partly cancels out due to a change in the hand-
edness of rotation, thus reducing the value for net optical rotation w

Table 4
Top: The Monte Carlo simulation-generated Mueller matrix and the decomposed basis matrices for a birefringent (anisotropy in refractive index Dn = 1.36 � 10�5, that
corresponds to a value of d = 1.34 rad for a path length of 1 cm), chiral (optical activityv = 1.96� cm�1), turbid medium (scattering coefficient ls = 60 cm�1, anisotropy parameter
g = 0.935, thickness = 1 cm), in the backward detection geometry. The results are shown for scattered light collected at a spatial position 5 mm (r > ltr) away from the point of
illumination in the backscattering geometry. The constituent basis matrices obtained via decomposition with the order of Eq. (2.1) (M � MDMRMD) and Eq. (2.4) (M � MDMRMD)
are shown in the 2nd and the 3rd rows respectively. Bottom: The values for the polarization parameters extracted from the decomposed matrices.

          1       -0.0167   -0.0019   -0.0095 
   -0.0190    0.1273    0.0075   -0.0058 
    0.0009   -0.0054    0.0302   -0.1853 
    0.0024   -0.0051    0.1901    0.2648 

M

         1         0             0         0 
         0    0.9978    0.0591   -0.0290 
         0   -0.0593    0.6159   -0.7856 
         0   -0.0286    0.7856    0.6181

MR

         1               0         0         0 
   -0.0169    0.1215       0         0 
   -0.0009         0    0.1275       0 
    0.0052         0         0    0.3562

MΔ

1      -0.0167   -0.0019   -0.0095 
   -0.0167        1               0           0 
   -0.0019        0          0.9998       0 
   -0.0095        0               0    0.9999

MD

         1         0             0         0 
         0    0.9978    0.0591   -0.0289 
         0   -0.0593    0.6159   -0.7856 
         0   -0.0286    0.7856    0.6181

         1     -0.0143   -0.0022   -0.0101 
         0    0.1215         0            0 
         0         0        0.1275        0 
         0         0             0       0.3561

1       -0.0190    0.0009    0.0024 
   -0.0190        1            0             0 
    0.0009         0         0.9998       0 
    0.0024         0            0          0.9998

Parameters Estimated values using the order of Eq. (2.1) Estimated values using the order of Eq. (2.4)

d 0.0193 0.0191
D 0.0798 0.798
w (�) 2.1 2.1
d (rad) 0.90 0.90
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[13]. As was the case of the forward detection geometry, components
of the curved propagation paths that are along the direction of linear
birefringence axis lead to a reduction in the net linear retardance d.
Since, on an average, the curvature of the propagation paths is great-
er for photons exiting the medium through the backward direction
as compared to those exiting through the forward direction, this lin-
ear retardance reduction effect is more pronounced in the backscat-
tering geometry.

The results of simulations for other varying scattering and
polarization parameters [varied in the range; linear retardance d:
0–2 rad, optical rotation w: 0–5�, scattering coefficient ls: 0–
100 cm �1, (resulting in net depolarization D: 0–0.9), these values
roughly encompass the ranges typically found in biological tissue]
were also similar to the results presented above. Thus, for complex
turbid media exhibiting simultaneous polarization events (but
having weak diattenuation, d(60.1), the decomposition-derived
polarization parameters are � independent of the selected multi-
plication order of the basis matrices in the decomposition process,
and also represent true medium properties. Note that although
many biological molecules (such as amino acids, proteins, nucleic
acids) exhibit dichroism or diattenuation, the overall magnitude
is much lower compared to the other effects. The extracted polar-
ization parameters are therefore expected to be independent of the
selected multiplication order of the basis matrices in actual tissues.
In order to confirm this, we present selected experimental polarim-
etry results from in vivo tissue and test the performance of the po-
lar decomposition method.

Table 5 shows the experimental Mueller matrix and the corre-
sponding decomposed basis matrices from dermal tissue of an
athymic nude mouse. The Mueller matrix was recorded in trans-
mission in vivo from a dorsal skinfold window chamber mouse
model. The determined values for the polarization parameters
[for decompositions using the orders of Eqs. (2.1) and (2.4)] are
also listed in Table 5.

Careful examination of the experimental Mueller matrix M re-
veals several important features. The diattenuation effects are ob-
served to be slightly stronger than for the previously examined
simulated turbid media. This is possibly due to contribution of

some intrinsic diattenuation (dichroism) of tissue, in addition to
the weak scattering-induced diattenuation. However, the overall
diattenuation effect is quite weak (elemental values of the first
row or the first column of the medium Mueller matrix < 0.1). Fur-
ther, the differences between the values for the matrix elements of
first row and first column of M are also not that significant. This
suggests that even if there is some diattenuation effect present in
the medium, it does not exhibit in a preferred sequence. This fol-
lows because multiplication of the diattenuation matrix in any pre-
ferred order should result in a difference in the elemental values of
first row and first column of the resulting Mueller matrix (as was
the case for the sequential effects matrix shown in Table 2).
Decomposition using either of the two-selected multiplication or-
ders of the basis matrices therefore yields almost identical values
for the retrieved polarization parameters (marginal difference is
observed in the value for d only; the other parameters D, w and
d are almost identical).

As expected, the derived decomposition value for d is found to
be very low. Conversely, the value for d is quite high �1.06 rad).
Presence of anisotropic structures like collagen fibers can attribute
to the observed significant birefringence (retardance) levels in the
skin tissue. In fact, using the approximate light pathlength,
l � 500 lm (the true pathlength will be somewhat longer due to
scattering [25]), the intrinsic birefringence Dn(=dk/2pl) was esti-
mated to be �2.0 � 10�4. This birefringence level is reasonably
close to those found in the literature for tissue birefringence, typ-
ically �1 � 10�3 [27]. The extracted value of net depolarization
coefficient is D � 0.58. From the MC-generated depolarization val-
ues (simulation of the experiment), the scattering coefficient ls of
the tissue was approximated to be �170 cm�1, which is also in rea-
sonable agreement with literature values [22]. Similar to phantom
studies, the extracted polarization parameters of the in vivo tissue
therefore appear to represent true medium properties.

Results of polarimetry studies on various other types of tissues
(rat myocardium, brain, liver tissues) also yielded similar self-con-
sistent results. As was the case for turbid phantoms exhibiting weak
diattenuation effects (MC-simulated or experimentally measured), in
tissues with diattenuation (d 6 0.1), the decomposition-derived

Table 5
Top: The experimental Mueller matrix and the decomposed basis matrices from dermal tissue of an athymic nude mouse. The Mueller matrix was recorded in vivo from a dorsal
skinfold window chamber mouse model [15], using a high sensitivity turbid-polarimetry system [7]. The constituent basis matrices obtained via decomposition with the order of
Eq. (2.1) (M � MDMRMD) and Eq. (2.4) (M � MDMRMD) are shown in the 2nd and the 3rd rows respectively. Bottom: The values for the polarization parameters extracted from
the decomposed matrices.

          1       0.0707    0.0348   -0.0060 
    0.0480    0.4099    0.0077    0.0650 
    0.0162   -0.0184    0.2243   -0.3580 
    0.0021   -0.0465    0.3571    0.1783 

M

         1         0           0             0 
         0    0.9935    0.0697    0.0897 
         0    0.0435    0.4960   -0.8673 
         0   -0.1049    0.8655    0.4897

MR

         1               0         0         0 
    0.0193      0.4006     0         0 
    0.0076         0      0.4596     0 
   -0.0060         0         0     0.3768

MΔ

      1       0.0707    0.0348   -0.0060 
    0.0707    0.9994    0.0012        0 
    0.0348    0.0012    0.9975        0 
   -0.0060        0            0          0.9969

MD

          1         0             0         0 
         0    0.9935    0.0701    0.0898 
         0    0.0436    0.4960   -0.8672 
         0   -0.1047    0.8655    0.4898

1         0.0516     0.0301  -0.0037 
         0          0.3994        0         0 
         0             0           0.4588   0 
         0             0                 0    0.3758

1         0.0480    0.0162    0.0021 
    0.0480    0.9999    0.0004        0 
    0.0162    0.0004    0.9988        0 
    0.0021          0           0         0.9987

Parameters Estimated values using the order of Eq. (2.1) Estimated values using the order of Eq. (2.4)

d 0.079 0.051
D 0.58 0.59
w (�) 0.51 0.50
d (rad) 1.06 1.058
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polarization parameters were essentially � independent of the
selected multiplication order of the basis matrices in the
decomposition process, showing self-consistency in decomposition
analysis.

5. Conclusions

In summary, we have investigated the influence of the multipli-
cation order of the constituent basis matrices on the Mueller ma-
trix decomposition-derived polarization parameters in complex
tissue and tissue-like turbid media exhibiting simultaneous scat-
tering and polarization effects. The results demonstrate that for
turbid media having weak diattenuation, the extracted polariza-
tion parameters are � independent of the selected multiplication
order of the basis matrices in the decomposition process, and also
represent true medium properties. Similarly, Mueller matrix mea-
surements and analysis of biological tissue showed that since the
diattenuation effects are also weak, the decomposition formalism
is self-consistent with respect to the potential ambiguity of order-
ing. This approach thus appears to be valid in tissue. Individual tis-
sue polarimetry effects can therefore be successfully decoupled
and quantified despite their simultaneous occurrence, even in the
presence of the numerous complexities due to multiple scattering.
The ability to isolate individual polarization properties provides a
potentially valuable non-invasive tool for tissue characterization.
We are currently exploring application of this approach in two sce-
narios of significant clinical interest, that for monitoring regenera-
tive treatments of the heart and for non-invasive glucose
measurements, with early indications showing promise and war-
ranting further studies [14]. We are also expanding our investiga-
tions of in vivo biomedical deployments of this promising method
[15].
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